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(S.O. Oyadiji).A strain energy approach (SEA) is developed to compute the general stress intensity factors (SIFs) for iso-
tropic homogeneous and bi-material plates containing cracks and notches subject to mode I, II and III
loading conditions. The approach is based on the strain energy of a control volume around the notch
tip, which may be computed by using commercial ﬁnite element packages. The formulae are simple
and easy to implement. Various numerical examples are presented and compared to corresponding pub-
lished results or results that are computed using different numerical methods to demonstrate the accu-
racy of the SEA. Many of those results are new, especially for the cases of bi-material notches where the
problem is quite complicated.
 2013 Elsevier Ltd. All rights reserved.1. Introduction Those methods are capable of computing not only the SIFs but alsoThe importance of studying stress intensities caused by the
presence of sharp corners/notches has led to much research de-
voted to the analysis of sharp notches. The presence of sharp
notches causes stress intensities around the notch tip. This area
is vulnerable to a crack initiation that may lead to structural failure
or shortening of the service life of a structure. Most of the research
in literature is for isotropic homogeneous cases. Very little is done
for bi-material notch problems, due to its complexity.
It is well known that, in linear elastic fracture mechanics, the
stresses at a notch tip become inﬁnite (singular) (Williams, 1952,
1957). Based on experimental ﬁndings by Seweryn (1994), it was
demonstrated that simple failure criteria based on the notch SIFs ex-
ist. Therefore, some researchers tried to establish a failure criterion
for notch problems, such as Knésl (1991), Gómez and Elices (2003)
and Carpinteri et al. (2008). Other researchers developed different
methods and procedures to compute the notch SIFs such as the
boundary collocation method (Gross and Mendelson, 1972), the
boundary element singularity subtraction technique (Portela et al.,
1991), singular ﬁnite elements (Lin and Tong, 1980) and ﬁnite ele-
ment post-processing approaches (Babuška and Miller, 1984).
Semi-analytical methods are also developed to compute the SIFs of
a notch such as the hybrid crack element (HCE) (Tong et al., 1973),
the scaled boundary ﬁnite element method (SBFEM) (Wolf, 2003),
and the fractal-like ﬁnite element method (FFEM) (Leung and Su,
1994; Treiﬁ et al., 2008, 2009a,b, 2007; Treiﬁ and Oyadiji, 2009).ll rights reserved.
s.o.oyadiji@manchester.ac.ukthe higher order terms of the notch tip asymptotic ﬁeld.
Most of the work mentioned above dealt only with homoge-
neous crack/notch problems. For bi-material problems, published
results are available mainly for interfacial crack problems. For bi-
material notches, published SIFs are rare, because the problem is
quite complicated. For interface crack cases, Williams (1959)
investigated conﬁgurations of dissimilar materials containing
interface cracks. Lin and Mar (1976) developed a hybrid crack ele-
ment. Lee and Choi (1988) used a boundary element method which
employed the multi-region technique and the double-point con-
cept. Yau and Wang (1984) developed a procedure based on the
evaluation of conservation integrals. Matsumto et al. (2000) used
an approach based on the interaction energy release rates to com-
pute the SIFs of interface cracks. Researchers who dealt with bi-
material notch problems are few, and their research work was
more about studying the stress and displacement ﬁelds and the
behaviour of the singular eigenvalues. Early work was carried out
by Bogy (1968, 1970) and Bogy and Wang (1971). Carpenter and
Byers (1987) used a reciprocal work contour integral method.
Tan and Meguid (1997) developed a singular ﬁnite element formu-
lated using expressions of the singular stress and displacement
ﬁelds of a bi-material notch. Chen and Sze (2001) developed a hy-
brid ﬁnite element formulated using numerically obtained asymp-
totic stress and displacement ﬁelds. Carpinteri et al. (2006)
presented an approximate analytical model based on the theory
of multi-layered beams to compute mode I SIFs for a general notch
perpendicular to a bi-material interface. Paggi and Carpinteri
(2008) presented a comprehensive review of interface mechanical
problems leading to stress singularities.
Fig. 1. Isotropic homogeneous notch geometry.
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pute the SIF values for homogeneous and bi-material notch prob-
lems subject to mode I, II and III loading conditions. The approach
is based on the work of Lazzarin and Zambardi (2001), Lazzarin
and Berto (2005), Lazzarin and Filippi (2006), Lazzarin and Zap-
palorto (2008), Lazzarin et al. (2010), Berto and Lazzarin (2007), Ra-
daj et al. (2009), ZappalortoandLazzarin (2011) andZappalortoet al.
(2008) who developed the idea of using averaged strain energy over
a control volume around a notch tip to compute the SIFs for sharp
and rounded notches. They dealt mainly with homogeneous pure
mode I, II or III cases. For mixedmode I and II cases, they usually ne-
glected theeffect ofmode II SIF (LazzarinandZambardi, 2001)where
they used examples with non-singular mode II stress components,
but in a recent publication (Lazzarin et al., 2010) they suggested
using two concentric volumes to compute mode I and II notch SIFs.
However, this approach does not always work as will be discussed
later. In the current work, we simply partition the control volume
and the integral accordingly to computemode I and II SIFs for homo-
geneous mixed-mode and bi-material notch problems. This new
strategy is operationally very simple to implement. It involves sim-
ple mathematical operations that can be carried out numerically.
The strain energy for the control volumecouldbe computedbyusing
commercial ﬁnite element packages. In most of these packages, it is
not possible to compute notch SIFs, but the SEA empowers analysts
to compute notch SIFs. The accuracy of the approach is tested via
many examples of isotropic homogeneous and bi-material notches
under different loading conditions. The results are compared to
available published results and results computed numerically using
different numericalmethods; the agreement is very good. Also, new
results are presented.
2. Strain energy approach
The strain energy of a ﬁnite volume around a notch-tip can be
written as (Bower, 2010)
EðeÞ ¼
Z
V
W ðeÞdV ð1Þ
where W(e) is the strain energy density and can be computed as
follows
W ðeÞ ¼
Z
r : @e ð2Þ
where r and e are stress and strain tensors, respectively. For an iso-
tropic material, the strain energy densityW(e) for a generalised state
of stress can be written as
W ðeÞ ¼ 1
2
½rxxexx þ ryyeyy þ rzzezz þ sxycxy þ sxzcxz þ syzcyz ð3Þ
The strains can be written in terms of the stresses by using
Hooke’s law
exx ¼ 1E rxx  mðryy þ rzzÞ
 
eyy ¼ 1E ½ryy  mðrxx þ rzzÞ
ezz ¼ 1E ½rzz  mðrxx þ ryyÞ
cxy ¼
1
G
sxy
cyz ¼
1
G
syz
cxz ¼
1
G
sxz
G ¼ E
2ð1þ mÞ
ð4Þwhere E;G; m are Young’s modulus, shear modulus and Poisson’s ra-
tio, respectively. For simplicity the stresses can be expressed as
rij ¼ f ðKI;KII;KIII; r; hÞ ð5Þ
where KI , KII and KIII are the mode I, II and III SIFs, respectively. By
substituting the stress expressions into Eq. (1) and carrying out the
integration over a ﬁnite volumearound the notch tip, Eq. (1) becomes
a representation of a direct relation between the strain energy for a
ﬁnite volume and the SIFs. The strain energy could be easily com-
puted using a commercial ﬁnite element package. Most FE packages
are not, to our knowledge, capable of computing the SIFs for general
notches. Therefore, this approach is quite useful to extract SIFs for
general notches by using current commercial FE packages. Eq. (1)
could be partitioned to deal with bi-material or mixed mode cases
where two equations are needed to computemode I andmode II SIFs.
This will be discussed in detail in the next sections.
2.1. Isotropic homogeneous notch
2.1.1. Relationships between stress intensity factors and strain energy
of a ﬁnite volume around a notch tip under in-plane loading conditions
(mode I, II and mixed mode)
For the in-plane problem, the strain energy density is
W ðeÞ ¼ 1
2E
r2xx þ r2yy þ r2zz  2mðrxxryy þ rxxrzz þ ryyrzzÞ
h
þ2ð1þ mÞs2xy
i
ð6Þ
where rzz ¼ 0 under plane-stress and rzz ¼ mðrxx þ ryyÞ under
plane-strain.
The stress expressions for a general homogeneous notch as seen
in Fig. 1 are (Williams, 1952; Portela et al., 1991)
rxx ¼ kIrkI1A1 2þ kI cos 2aþ cos 2kIa
 
cos kI  1 h
 kI  1  cos kI  3 h
þ kIIrkII1A2  2þ kII cos 2a cos 2kIIa
 
sin kII  1 h
þ kII  1  sin kII  3 h ð7Þ
ryy ¼ kIrkI1A1 2 kI cos 2a cos 2kIa
 
cos kI  1 h
þ kI  1  cos kI  3 hþ kIIrkII1A2 2þ kII cos 2a
 cos 2kIIa sin kII  1 h kII  1  sin kII  3 h ð8Þsxy ¼ kIrkI1A1  kI cos 2aþ cos 2kIa
 
sin kI  1 h
þ kI  1  sin kI  3 h
þ kIIrkII1A2  kII cos 2a cos 2kIIa
 
cos kII  1 h
þ kII  1  cos kII  3 h ð9Þ
Fig. 2. Partitioning of the control volume.
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ing characteristic equations
kI sin 2aþ sin 2kIa ¼ 0 ð10Þ
kII sin 2a sin 2kIIa ¼ 0 ð11Þ
A1 and A2 are constants related to the mode I and mode II SIFs
KI ¼
ﬃﬃﬃﬃﬃﬃ
2p
p
kI 1þ kI  kI cos 2a cos 2kIa A1 ð12Þ
KII ¼
ﬃﬃﬃﬃﬃﬃ
2p
p
kII 1þ kII  kII cos 2aþ cos 2kIIa A2 ð13Þ
Eqs. (7)–(9) are eigenfunction series expansions (the R symbol
is dropped for simplicity). In the SEA, only the singular terms are
considered. The stress expressions in Eqs. (7)–(9) can be rewritten
for simplicity as
rxx ¼ A1rkI1fxðhÞ þ A2rkII1gxðhÞ ¼ A1rk
I1fx þ A2rkII1gx ð14Þ
ryy ¼ A1rkI1fyðhÞ þ A2rkII1gyðhÞ ¼ A1rk
I1fy þ A2rkII1gy ð15Þ
sxy ¼ A1rkI1fxyðhÞ þ A2rkII1gxyðhÞ ¼ A1rk
I1fxy þ A2rkII1gxy ð16Þ
Under plane-stress, substituting the above equations into Eq.
(6) gives
W ðeÞ ¼ 1
2E
A21r
2ðkI1Þ f 2x þ f 2y  2mfxfy þ 2ð1þ mÞf 2xy
 h
þA22r2ðk
II1Þ g2x þ g2y  2mgxgy þ 2ð1þ mÞg2xy
 
þA1A2rðkIþkII2Þ 2f xgx þ 2f ygy  2mðfxgy þ fygxÞ

þ4ð1þ mÞfxygxy
 ð17Þ
By substituting Eq. (17) into Eq. (1), the strain energy for a ﬁnite
volume of a radius Rc around a notch tip is
EðeÞ ¼
Z Rc
0
Z þa
a
W ðeÞrdrdh
¼ 1
2E
A21
R2k
I
c
2kI
Z þa
a
f 2x þ f 2y  2mfxfy þ 2ð1þ mÞf 2xy
 
dh
(
þA22
R2k
II
c
2kII
Z þa
a
g2x þ g2y  2mgxgy þ 2ð1þ mÞg2xy
 
dh
þA1A2 R
ðkIþkIIÞ
c
ðkI þ kIIÞ
Z þa
a
2f xgx þ 2f ygy  2mðfxgy þ fygxÞ

þ4ð1þ mÞfxygxy

dh
)
ð18Þ
Substituting Eqs. (12) and (13) into Eq. (18) gives a quadratic
equation with two unknowns
EðeÞ ¼ MK2I þ NK2II þ QKIKII ð19Þ
It should be noted that the coefﬁcients M, N and Q have different
dimensional units. Sih (1974) reported a similar expression relating
the strain energy density to the crack SIFs when he introduced a
strain energy density factor as a fracture parameter for crack prob-
lems. The integration could be carried out numerically by using, for
example, Composite Simpson’s rule. Eq. (19) illustrates a direct rela-
tion between the SIFs and the strain energy of a ﬁnite volume
around the notch tip. For pure mode I or pure mode II, Eq. (19)
can be used to compute mode I SIF, KI , or mode II SIF, KII
(EðeÞ ¼ MK2I for pure mode I and EðeÞ ¼ NK2II for pure mode II). How-
ever, in the case of mixed mode problems, Eq. (19) represents an
equation that contains two unknowns KI and KII. To overcome this,
Eq. (19) could be partitioned into two regions: one below the bisec-
tor (a to 0) and the other above the bisector (0 to þa) as shown inFig. 2. This leads to the following two quadratic equations with two
unknowns
EðeÞ1 ¼
Z Rc
0
Z 0
a
W ðeÞrdrdh ¼ M1K2I þ N1K2II þ Q1KIKII ð20ÞEðeÞ2 ¼
Z Rc
0
Z þa
0
W ðeÞrdrdh ¼ M2K2I þ N2K2II þ Q2KIKII ð21Þ
Due to the symmetry, the following relations hold
M1 ¼ M2
N1 ¼ N2
Q1 ¼ Q2
ð22Þ
After some simple algebraic manipulations, the mode I and II
SIFs can be computed using the following equations
KII ¼ E
ðeÞ
1  EðeÞ2
2Q1KI
ð23Þ2M1K
4
I  EðeÞ1 þ EðeÞ2
 
K2I þ
N1 E
ðeÞ
1  EðeÞ2
 2
2Q21
¼ 0 ð24Þ
Obviously, Eqs. (23) and (24) would give more than one set of
answers. Usually it is easy to determine the correct set. However,
for less experienced analysts, the ratio of the relative displace-
ments of the notch faces could be used to determine the right set
of answers. For a crack problem, the following equation holds
KI
KII
¼ Dy
Dx
ð25Þ
where Dy ¼ v1ðr0;a1Þ  v2ðr0;a2Þ and Dx ¼ u1ðr0;a2Þ  u2ðr0;a2Þ are
the relative displacements of the crack faces. Eq. (25) could be used
as an approximation for notch cases too i.e. KIKII 
Dy
Dx
. Because Dx and
Dy are computed numerically using ﬁnite element analysis, Eq. (25)
is better considered as an approximation rather than an equality.
The displacements of two nodes facing each other on the notch
faces such as the nodes 1 and 2 as shown in Fig. 2 could be used.
It is advisable to consider nodes that are reasonably far from the
notch tip.
Lazzarin et al. (2010) suggested using two concentric circles
with different radii to deal with mixed mode cases, but their sug-
gestion cannot be used for the special case of a notch with an open-
ing angle of zero, i.e. a crack.
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of a ﬁnite volume around a notch tip under out-of-plane loading
conditions (mode III)
For the out-of-plane problem, the strain energy density is
W ðeÞ ¼ 1
2G
s2rz þ s2hz
  ð26Þ
The stress expressions for a general homogeneous notch under
mode III loading conditions are
srZ ¼ GkIIIrkIII1B sin kIIIh ð27Þ
shZ ¼ GkIIIrkIII1B cos kIIIh ð28Þ
where kIII ¼ np2a ;n ¼ 1;2;3; . . . and B is a constant. For detailed deri-
vations, one may refer to Seweryn and Molski (1996). Eqs. (27)
and (28) are eigenfunction series expansions (the R symbol is
dropped for simplicity). In the SEA, only the singular term is consid-
ered, i.e. n ¼ 1. The constant B associated with the singular eigen-
value is related to the mode III SIF
KIII ¼
ﬃﬃﬃﬃﬃﬃ
2p
p
GkIIIB ð29Þ
By substituting Eqs. (27)–(29) into Eqs. (26) and (1), and after
some algebraic manipulations, the strain energy of a ﬁnite volume
under mode III conditions can be written as
EðeÞ ¼ R
2kIII
c K
2
IIIa
4pGkIII
ð30Þ
This equation is in agreement with an expression presented by
Lazzarin and Zappalorto (2008) relating the strain energy density
to the mode III SIF. Eq. (30) represents a simple analytical formula
that links the mode III SIF to the strain energy of a ﬁnite volume
around and a notch tip.
2.2. Bi-material notch
2.2.1. Relationships between stress intensity factors and strain energy
of a ﬁnite volume around a notch tip under in-plane loading conditions
(mode I, II and mixed mode)
For the in-plane bi-material problem, the expression for the
strain energy density is
Wj
ðeÞ ¼ 1
2Ej
rjxx
 2 þ rjyy 2 þ rjzz 2  2mj rjxxrjyy þrjxxrjzz þrjyyrjzz 
	
þ2 1þ mj
 
sjxy
 2

ð31ÞFig. 3. Bi-material notch geometry.where j refers to the material. Under plane-stress conditions
rzz ¼ 0, and under plane-strain conditions rzz ¼ mðrxx þ ryyÞ.
The stress expressions for a general bi-material notch as seen in
Fig. 3 are (Carpenter and Byers, 1987)
2rð1Þxx ¼ krk1A1 3eihðk1Þ  eihð1kÞ e2ih  1
 ðk 1Þ
þY2 3eihðk1Þ  eihð1kÞ e2ih  1
 ðk 1Þ  S1eihð1kÞ  S2eihð1kÞi
þ krk1A1 Y2 3eihðk1Þ  eih 1kð Þ e2ih  1
 ðk 1Þ h
þ3eih k1ð Þ  eihð1kÞ e2ih 1  k1  S2eihð1kÞ  S1eihð1kÞi
ð32Þ
2rð2Þxx ¼ krk1A1 Y1 3eihðk1Þ  eihð1kÞ e2ih1
 ðk1Þ 
þY3 3eihðk1Þ  eihð1kÞðe2ih1Þðk1Þ
 
S3eihð1kÞ  S4eihð1kÞ
i
þkrk1A1 Y3 3eihðk1Þ  eihð1kÞðe2ih1Þðk1Þ
 h
þY1 3eihðk1Þ  eihð1kÞ e2ih1
 ðk1Þ  S4eihð1kÞ  S3eihð1kÞi
ð33Þ
2rð1Þyy ¼ krk1A1 eihðk1Þ þ eihð1kÞ e2ih  1
 ðk 1Þ
þY2 eihðk1Þ þ eihð1kÞ e2ih  1
 ðk 1Þ þ S1eihð1kÞ þ S2eihð1kÞi
þ krk1A1 Y2 eihðk1Þ þ eihð1kÞ e2ih  1
 ðk 1Þ h
þeihðk1Þ þ eihð1kÞ e2ih  1 ðk 1Þ þ S2eihð1kÞ þ S1eihð1kÞi
ð34Þ
2rð2Þyy ¼ krk1A1 Y1 eihðk1Þ þ eihð1kÞ e2ih1
 ðk1Þ 
þY3 eihðk1Þ þ eihð1kÞ e2ih1
 ðk1Þ þ S3eihð1kÞ þ S4eihð1kÞi
þkrk1A1 Y3 eihðk1Þ þ eihð1kÞ e2ih1
 ðk1Þ h
þY1 eihðk1Þ þ eihð1kÞ e2ih1
 ðk1Þ þ S4eihð1kÞ þ S3eihð1kÞi
ð35Þ
2isð1Þxy ¼ krk1A1 Y2 eihðk1Þ  eihð1kÞ e2ih1
 ðk1Þ 
þeihð1kÞ e2ih1 ðk1Þ eihðk1Þ þ S2eihð1kÞ  S1eihð1kÞi
þkrk1A1 eihðk1Þ  eihð1kÞ e2ih1
 ðk1Þh
þY2 eihð1kÞðe2ih1Þðk1Þ eihðk1Þ
 
þ S1eihð1kÞ  S2eihð1kÞ
i
ð36Þ
2isð2Þxy ¼ krk1A1 Y3 eihðk1Þ  eihð1kÞ e2ih1
 ðk1Þ 
þY1 eihð1kÞ e2ih1
 ðk1Þ eihðk1Þ þ S4eihð1kÞ  S3eihð1kÞi
þkrk1A1 Y1 eihðk1Þ  eihð1kÞ e2ih1
 ðk1Þ h
þY3 eihð1kÞ e2ih1
 ðk1Þ eihðk1Þ þ S3eihð1kÞ  S4eihð1kÞi
ð37Þ
where
S1 ¼ e2ika1  e2ia1  1
 
kY2
S2 ¼ Y2e2ika1  e2ia1  1
 
k
S3 ¼ Y1e2ika2  e2ia2  1
 
kY3
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 
kY1
Y ¼
Y1
Y2
Y3
8><
>:
9>=
>; ¼ D122 D21
D22 ¼
j2 þ e2ika2 G2G1 k e2ia1  1
 
k 1 e2ia2 
k e2ia2  1  1 e2ika1 e2ika2  1
k 1 e2ia2  G2G1 j1 þ e2ika1   j2 þ e2ika2 
2
664
3
775
D21 ¼
G2
G1
j1 þ e2ika1
 
k 1 e2ia1 
G2
G1
k e2ia1  1 
2
664
3
775
and jj ¼ 3 4mj for plane-strain and jj ¼ 3 4mj=ð1þ mjÞ for plane-
stress. k is an eigenvalue and can be determined numerically using
Muller’s method from the following equation
det
1 e2ika1 e2ika2 1 k 1 e2ia1  k e2ia2 1 
G2
G1
j1þ e2ika1
  j2þ e2ika2 G2G1 k e2ia1 1  k 1 e2ia2 
k 1 e2ia1  k e2ia2 1  1 e2ika1 e2ika2 1
G2
G1
k e2ia1 1  k 1 e2ia2  G2G1 j1þ e2ika1   j2þ e2ika2 
2
666664
3
777775
0
BBBBB@
1
CCCCCA¼ 0
ð38Þ
Eq. (38) gives either one singular complex singular eigenvalue
where realðkÞ < 1 or two singular real eigenvalues kI < 1 and
kII < 1 (in some cases only one real eigenvalue exists). An alterna-
tive matrix formulation of the stress ﬁeld around a notch tip could
be used as presented by Paggi and Carpinteri (2008).
For a complex eigenvalue, the complex SIF for a bi-material
notch can be computed using one of the following equations
Kc ¼
ﬃﬃﬃﬃﬃﬃ
2p
p
kA1 Y2 1 e2ika1
  k e2ia1  1   ð39Þ
Kc ¼
ﬃﬃﬃﬃﬃﬃ
2p
p
kA1 1 e2ika1  kY2 e2ia1  1
 h i ð40Þ
Eqs. (32) and (37) are eigenfunction series expansions (the R
symbol is dropped for simplicity). In the SEA, only the singular
terms are considered. The stress expressions in Eqs. (32)–(37)
can be rewritten for simplicity as
rjxx ¼ A1rk1f jxðhÞ þ A1rk1gjxðhÞ ¼ A1rk1f jx þ A1rk1gjx ð41Þ
rjyy ¼ A1rk1f jyðhÞ þ A1rk1gjyðhÞ ¼ A1rk1f jy þ A1rk1gjy ð42Þ
sjxy ¼ A1rk1f jxyðhÞ þ A1rk1gjxyðhÞ ¼ A1rk1f jxy þ A1rk1gjxy ð43Þ
Under plane-stress, substituting the above equations into Eq.
(31) gives
WjðeÞ ¼ 1
2Ej
A21r
2ðk1Þ f jx
2þ f jy
22mjf jxf jyþ2ð1þmjÞf jxy
2
 h
þA21r2ðk1Þ gjx
2þ gjy
22mjgjxgjyþ2ð1þmjÞgjxy
2
 
þA1A1rðkþk2Þ 2f jxgjxþ2f jygjy2mj f jxgjyþ f jygjx
 
þ4ð1þmjÞf jxygjxy
 i
ð44Þ
The strain energy for a ﬁnite volume of a radius Rc around a notch
tip is obtained by substituting the above equation into Eq. (1),
EjðeÞ ¼
Z Rc
0
Z
h
WjðeÞrdrdh¼ 1
2Ej
A21
R2kc
2k
Z
h
f jx
2þ f jy
22mj f jx f jyþ2ð1þmjÞf jxy
2
 
dh
(
þA21
R2kc
2k
Z
h
gjx
2þgjy
22mjgjxgjyþ2ð1þmjÞgjxy
2
 
dh
þA1A1 R
ðkþkÞ
c
ðkþkÞ
Z
h
2f jxg
j
xþ2f jygjy2mj f jxgjyþ f jygjx
 
þ4ð1þmjÞf jxygjxy
 
dh
)
ð45ÞThe integration over h is from a2 to 0 for j ¼ 2 (material 2) and
from 0 to a1 for j ¼ 1 (material 1).
Equation (45) gives one equation per material in terms of two
unknowns which are the real and imaginary parts of A1 (or Kc).
For brevity and simplicity Eq. (45) can be rewritten as
EjðeÞ ¼ A21Mj þ A21Nj þ A1A1Qj ð46Þ
Eq. (46) could be simpliﬁed further, because Nj ¼ Mj and Qj is a
real number, as
a2 2MReal1 þ Q1
 
þ b2 Q1  2MReal1
 
 4abMImaginary1  E1ðeÞ ¼ 0
ð47Þ
for material 1, and
a2 2MReal2 þ Q2
 
þ b2 Q2  2MReal2
 
 4abMImaginary2  E2ðeÞ ¼ 0
ð48Þ
for material 2, where A1 ¼ aþ ib. The bi-material SIFs can be com-
puted using Eqs. (47) and (48) after computing the strain energy
in material 1 and material 2 within a ﬁnite region around the notch
tip of radius Rc .
For real eigenvalues kI and kII , the stress expressions are
2rð1Þxx ¼
X
k
kkrkk1ak
(
ðpk1þ ipk2Þ eihðkk1Þ 2þ kk e2ia1  e2ih
 þ e2ih 
þe2ikka1eihðkk1Þ
þðpk1 ipk2Þ eihðkk1Þ 2þ kk e2ia1  e2ih
 þ e2ih 
þe2ikka1eihðkk1Þ
)
ð49Þ
2rð2Þxx ¼
X
k
kkrkk1ak ðsk1ðpk1 þ ipk2Þ þ sk2ðpk1  ipk2ÞÞf
 eihðkk1Þ 2þ kk e2ia2  e2ih
 þ e2ih þ e2ikka2eihðkk1Þ 
þðsk1ðpk1  ipk2Þ þ sk2ðpk1 þ ipk2ÞÞ
 eihðkk1Þ 2þ kk e2ia2  e2ih
 þ e2ih þ e2ikka2eihðkk1Þ 
ð50Þ
2rð1Þyy ¼
X
k
kkrkk1ak ðpk1þ ipk2Þ eihðkk1Þ 2þ kk e2ih e2ia1
  e2ih 
e2ikka1eihðkk1Þ
þðpk1 ipk2Þ eihðkk1Þ 2þ kk e2ih e2ia1
  e2ih 
e2ikka1eihðkk1Þ ð51Þ
2rð2Þyy ¼
X
k
kkrkk1ak ðsk1ðpk1 þ ipk2Þ þ sk2ðpk1  ipk2ÞÞf
 eihðkk1Þ 2þ kk e2ih  e2ia2
  e2ih  e2ikka2eihðkk1Þ 
þðsk1ðpk1  ipk2Þ þ sk2ðpk1 þ ipk2ÞÞ
 eihðkk1Þ 2þ kk e2ih  e2ia2
  e2ih  e2ikka2eihðkk1Þ  ð52Þ
2isð1Þxy ¼
X
k
kkrkk1ak ðpk1þ ipk2Þ eihðkk1Þðkk e2ih e2ia1
  e2ihÞ
þe2ikka1eihðkk1Þþðpk1 ipk2Þ eihðkk1Þ kk e2ia1  e2ih þ e2ih 
 e2ikka1eihðkk1Þ ð53Þ
2isð2Þxy ¼
X
k
kkrkk1ak ðsk1ðpk1 þ ipk2Þ þ sk2ðpk1  ipk2ÞÞf
 eihðkk1Þ kk e2ih  e2ia2
  e2ih þ e2ikka2eihðkk1Þ 
þðsk1ðpk1  ipk2Þ þ sk2ðpk1 þ ipk2ÞÞ
 eihðkk1Þ kk e2ia2  e2ih
 þ e2ih  e2ikka2eihðkk1Þ  ð54Þ
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dk6dk4dk2dk8
dk3dk8dk7dk4, and to avoid division
by zero, pk1 and pk2 can be computed using the expressions stated in
Table 1 where
qk11 ¼ Reðtk1Þ þ Reðtk2Þ; qk12 ¼ Imðtk2Þ  Imðtk1Þ
qk21 ¼ Imðtk1Þ þ Imðtk2Þ; qk22 ¼ Reðtk1Þ  Reðtk2Þ
tk1 ¼ sk2  sk3; tk2 ¼ sk1  sk4Table 1
Deﬁnition of pk1 and pk2.
Largest jqkijj pk1 pk2
qk11 qk12=qk11 1
qk12 1 qk11=qk12
qk21 qk22=qk21 1
qk22 1 qk21=qk22
Fig. 4. (a) Notched plate subject to tension loading con
Fig. 5. SIFs for Notched plate c ¼ 60sk3 ¼ dk5dk3  dk1dk7dk4dk7  dk8dk3 ; sk4 ¼
dk6dk3  dk2dk7
dk4dk7  dk8dk3
dk1 ¼ G2 j1 þ e2ikka1
 
; dk2 ¼ G2kk e2ia1  1
 
;
dk3 ¼ G1 j2 þ e2ikka2
 
; dk4 ¼ G1kk e2ia2  1
 
;
dk5 ¼ 1 e2ikka1 ; dk6 ¼ kk e2ia1  1
 
; dk7 ¼ e2ikka2  1;
dk8 ¼ kk e2ia2  1
 
To determine pk1 and pk2 from Table 1, it should be noted that the
ﬁrst step is to determine the largest absolute value of the qkij’s, this
is jqkijj. The corresponding expressions for pk1 and pk2 are obtained
from the row containing this largest absolute value of qkij.
The SIFs expressions are
KI ¼
ﬃﬃﬃﬃﬃﬃ
2p
p kIaI
2
ðpI1 þ ipI2Þ 1þ kI 1 e2ia1
  e2ikIa1 
þðpI1  ipI2Þ 1þ kI 1 e2ia1
  e2ikIa1  ð55Þditions (b) the plate FE mesh (c) control volume.
under tension loading conditions.
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ﬃﬃﬃﬃﬃﬃ
2p
p kIIaII
2i
ðpII1 þ ipII2Þ kII 1 e2ia1
 þ e2ikIIa1  1 
þðpII1  ipII2Þ kII e2ia1  1
  e2ikIa1 þ 1  ð56Þ
The stress expressions in Eqs. (49)–(54) can be rewritten as
rjxx ¼ aIrkI1f jxðhÞ þ aIIrkII1gjxðhÞ ¼ aIrkI1f jx þ aIIrkII1gjx ð57Þ
rjyy ¼ aIrkI1f jyðhÞ þ aIIrkII1gjyðhÞ ¼ aIrkI1f jy þ aIIrkII1gjy ð58Þ
sjxy ¼ aIrkI1f jxyðhÞ þ aIIrkII1gjxyðhÞ ¼ aIrkI1f jxy þ aIIrkII1gjxy ð59Þ
Assuming plane-stress state, substituting the above equations
into Eq. (31) gives
WjðeÞ ¼ 1
2Ej
a2I r
2ðkI1Þ f jx
2þ f jy
22mjf jxf jyþ2ð1þmjÞf jxy
2
 h
þa2IIr2ðkII1Þ gjx
2þ gjy
22mjgjxgjyþ2ð1þmjÞgjxy
2
 
þaIaIIrðkIþkII2Þ 2f jxgjxþ2f jygjy2mj f jxgjyþ f jygjx
 
þ4ð1þmjÞf jxygjxy
 i
ð60ÞFig. 6. (a) A slant centre cracked
Fig. 7. Mode I and II SIFs for theby substituting the above equation into Eq. (1), the strain energy for
a ﬁnite volume of a radius Rc around a bi-material notch tip with
real singular eigenvalues is obtained
EjðeÞ ¼
Z Rc
0
Z
h
WjðeÞrdrdh
¼ 1
2Ej
a2I
R2kIc
2kI
Z
h
f jx
2 þ f jy
2  2mjf jxf jy þ 2ð1þ mjÞf jxy
2
 
dh
(
þa2II
R2kIIc
2kII
Z
h
gjx
2 þ gjy
2  2mjgjxgjy þ 2ð1þ mjÞgjxy
2
 
dh
þaIaII R
ðkIþkIIÞ
c
ðkI þ kIIÞ
Z
h
2f jxg
j
x þ 2f jygjy  2mj f jxgjy þ f jygjx
 
þ4ð1þ mjÞf jxygjxy

dh
o
ð61Þ
The integration over h is from a2 to 0 for j ¼ 2 (material 2) and
from 0 to a1 for j ¼ 1 (material 1). Computing the strain energy for
each region using a commercial FE package, and substituting it
back into Eq. (60) givesplate (b) the plate FE mesh.
slant centre cracked plate.
Fig. 8. The FE mesh used in the FFEM of the slant centre cracked plate.
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Eq. (62) represents two quadratic equations with two un-
knowns, KI and KII , which can be solved easily using a program-
ming software such as the MATLAB program.
2.2.2. Relationships between stress intensity factors and strain energy
of a ﬁnite volume around a notch tip under out-of-plane loading
conditions (mode III)
For the out-of-plane bi-material problem, the strain energy
density in cylindrical-polar coordinates is
WjðeÞ ¼ 1
2G
sjrz
2 þ sjhz
2h i ð63Þ
The stress expressions for a general bi-material notch under
mode III loading conditions are
sð1Þrz ¼ G1kIIIrk
III1B
cos kIIIa1
sin kIIIa1
cos kIIIhþ sin kIIIh
 !
ð64Þ
sð1Þhz ¼ G1kIIIrk
III1B  cos k
IIIa1
sin kIIIa1
sin kIIIhþ cos kIIIh
 !
ð65ÞFig. 9. (a) A slant centre notched plafor material 1 and
sð2Þrz ¼ G2kIIIrk
III1B
cos kIIIa1
sin kIIIa1
cos kIIIhþ G1
G2
sin kIIIh
 !
ð66Þsð2Þhz ¼ G2kIIIrk
III1B  cos k
IIIa1
sin kIIIa1
sin kIIIhþ G1
G2
cos kIIIh
 !
ð67Þ
for material 2, where kIII is an eigenvalue that can be computed
from
G1
G2
þ 1
 
sin kIIIða1 þ a2Þ þ G1G2  1
 
sin kIIIða1  a2Þ ¼ 0 ð68Þ
and B is a constant. Eqs. (64) and (67) are eigenfunction series
expansions (the R symbol is dropped for simplicity). In the SEA,
only the singular term is considered. The constant B associated with
the singular eigenvalue is related to the mode III SIF
KIII ¼
ﬃﬃﬃﬃﬃﬃ
2p
p
G1k
IIIB ð69Þ
For detailed derivations, one may refer to Qian and Hasebe
(1997). By substituting Eqs. (64)–(67) into Eqs. (63) and (1), and
after some algebraic manipulations, the strain energy of a ﬁnite
volume under mode III conditions can be written as
EðeÞ ¼
Z Rc
0
Z 0
a2
W2ðeÞdhþ
Z a1
0
W1ðeÞdh
 
rdr ¼ I
8pG21k
III3
R2k
III
c K
2
III
ð70Þ
where I is an integral and its value is
I ¼ G2kIII2a2 cos k
IIIa1
sin kIIIa1
 !2
þ G1
G2
 20@
1
A
þ G1kIII2a1 cos k
IIIa1
sin kIIIa1
 !2
þ 1
0
@
1
A ð71Þ
Eq. (70) represents a simple analytical formula that can be used
to determine mode III SIF values of bi-material notches after com-
puting the strain energy of a ﬁnite volume of radius Rc around and
a notch tip using available commercial FE packages.te c ¼ 45 (b) the plate FE mesh.
Fig. 10. Mode I and II SIFs for the slant centre notched plate.
Fig. 11. The FE mesh used in the FFEM of the slant centre notched plate.
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The proposed approach is veriﬁed by means of comparison with
available published results and numerical results computed using
the ABAQUS FEA commercial software and/or the software devel-
oped by the authors using FFEM. The numerical examples are pre-
sented in sub-groups corresponding to the sub-sections in
Section 2 starting with isotropic homogeneous and then bi-mate-Table 2
Scaled SIFs under tension loading conditions.
c ðkI ; kIIÞ hc=H
0.1 0.2 0.3 0.4 0.5
KI KII KI KII KI KII KI KII KI KII
0 SEA 3.508 1.048 2.352 0.234 2.158 0.053 2.120 0.010 2.115 0.000
FFE 3.490 1.040 2.344 0.232 2.151 0.054 2.114 0.011 2.109 0.001
(0.5,0.5) ABAQUS 3.504 1.045 2.349 0.232 2.155 0.054 2.119 0.010 2.113 0.000
30 SEA 3.557 1.439 2.369 0.308 2.174 0.073 2.137 0.011 2.132 0.000
FFE 3.544 1.448 2.361 0.307 2.167 0.07 2.131 0.014 2.125 0.001
(0.5014,0.5982) ABAQUS – – – – – – – – – –
60 SEA – – 2.464 0.423 2.265 0.091 2.230 0.016 2.226 0.000
FFE – – 2.472 0.404 2.263 0.090 2.226 0.018 2.221 0.003
(0.5122,0.7309) ABAQUS – – – – – – – – – –
90 SEA – – – – 2.514 0.125 2.478 0.021 2.474 0.000
FFE – – – – 2.511 0.127 2.477 0.026 2.473 0.005
(0.5445,0.9085) ABAQUS – – – – – – – – – –rial examples. Some discussion on the choice of Rc is also presented
for each case. In all the examples the strain energy values for a ﬁ-
nite volume around the notch tip are predicted using ABAQUS ver-
sion 6.8. In the FEA, it is well known that the mesh of a body has an
effect on the results, and that good meshes should be used for the
analysis. Here, too, a good mesh should be used to achieve accurate
results. By ‘good mesh’ we mean that large and small elements
should not be adjacent, but there should be a transitional change
in size.
3.1. Isotropic homogeneous notch
3.1.1. Mode I, II and mixed mode
The effect of the radius Rc on the accuracy of the SEA to predict
SIF values for isotropic notch cases subject to in-plane loading con-
ditions is demonstrated through different examples. For all the
examples the global mesh used is more or less the same, but the
local mesh around the notch tip is different. For example, different
numbers of ﬁnite elements are used to discretise the small region
around the notch/crack tip.A notched plate with a notch opening
angle of c ¼ 60 under pure mode I loading conditions shown in
Fig. 4(a) is considered ﬁrst. The plate is of height H ¼ 20 and width
W ¼ 10. The notch length is a where a=w ¼ 0:4. Quadrilateral ele-
ments (which are designated as CPS8 in the ABAQUS FEA software)
are used to model the plate as shown in Fig. 4(b). The small region
around the notch tip is meshed layer by layer with a similarity ra-
tio q ¼ 0:6 as illustrated in Fig. 4(c). The radius of the ﬁrst layer is
Tab
Sca
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in the size of the ﬁnite elements used to model the plate. R0 has no
signiﬁcance other than to indicate the relative size of the mesh
used around the notch tip with respect to the mesh size in the do-
main far from the notch tip. Initially, six layers are used within R0.
The mode I SIF values are computed based on the energy values for
control volumes of sizes ranging from 1 layer to 6 layers (that is,
the control radius is Rc = 0.046656–0.6). The same is repeated for
9 (Rc = 0.0100777–0.6), 16 (Rc = 0.000282168–0.6) and 20
(Rc = 0.0000365376–0.6) layers. The value of R0 is not changed.
Only the number of layers within R0 and the radius of the control
volume Rc are changed. The results are plotted in Fig. 5. The graph
shows clearly that convergence is achieved with increasing num-
ber of layers within R0; that is, using smaller sizes of the controlle 3
led SIFs under shear loading conditions.
c ðkI ; kIIÞ hc=H
0.1 0.2
KI KII KI KII
0 SEA 10.275 5.798 4.963 1.971
FFE 10.465 5.568 4.981 1.926
(0.5,0.5) ABAQUS 10.505 5.591 4.993 1.927
30 SEA 10.754 7.681 5.035 2.601
FFE 10.732 7.716 5.020 2.582
(0.5014,0.5982) ABAQUS – – – –
60 SEA – – 5.198 3.557
FFE – – 5.268 3.448
(0.5122,0.7309) ABAQUS – – – –
90 SEA – – – –
FFE – – – –
(0.5445,0.9085) ABAQUS – – – –
Fig. 12. (a) Notched plate subject to tension loading conditions (b) notchedvolume Rc allowed by ﬁner meshes within R0. The converged SIF
value (scaled by r
ﬃﬃﬃ
p
p
a1k) achieved is KI ¼ 2:225. Published results
for this case are reported to be KI ¼ 2:223 by Gross and Mendelson
(1972) and KI ¼ 2:222 by Portela et al. (1991). In this example,
accurate results are achieved when computing the strain energy
value for values of Rc between 0:000101566 and 0:046656. In other
words, the strain energy is computed for a control volume of size
ranging from 3 to 15 layers out of the 20 layers that are used to
model the region around the notch tip. Fig. 5 also shows that the
size of the control volume Rc has an important role and results
are less dependent on the mesh within Rc . In this ﬁgure, the differ-
ent curves mean that different meshes (number of layers within Rc)
are used for each value of Rc . Considering a value of Rc ¼ 0:046656
in Fig. 5, its projection on the green dashed curve shows that only0.3 0.4 0.5
KI KII KI KII KI KII
3.055 1.325 1.572 1.162 0.000 1.180
3.064 1.306 1.513 1.194 0.000 1.180
3.069 1.306 1.516 1.194 0.000 1.181
3.085 1.807 1.521 1.665 0.000 1.636
3.077 1.787 1.519 1.651 0.000 1.635
– – – – – –
3.183 2.483 1.574 2.325 0.000 2.301
3.207 2.468 1.584 2.323 0.000 2.307
– – – – – –
3.476 3.422 1.720 3.229 0.000 3.208
3.462 3.389 1.716 3.195 0.000 3.175
– – – – – –
plate subject to in-plane shear loading conditions (c) the plate FE mesh.
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blue line shows that more layers, 4 layers of elements, are used
within Rc ¼ 0:046656, and so on for the red (11 layers) and black
(15 layers) lines.
For mixed-mode problems, two examples, one of a slant crack
and another of a slant notch, are considered. Fig. 6(a) illustrates a
plate with a slant centre crack at angle of b ¼ 45 subject to tensile
loading. The plate dimensions are H ¼ 2W ¼ 10. The crack length is
2a ¼ 2. To compute the strain energy the plate is meshed using
quadrilateral elements (CPS8) in ABAQUS as shown in Fig. 6(b).
Like the previous example, the SIFs values are computed using
the strain energy of different volumes around the crack tip. Coarse
and ﬁne meshes are used within R0 ¼ 0:6. The results are plotted in
Fig. 7. It is clear again that better convergence is achieved by using
ﬁner meshes within R0, i.e. smaller sizes of the control volume
Rc < 0:1. This observation is in line with the general accepted size
of the region governed by the singular terms around a crack tip,Fig. 13. (a) Notched plate subject to anti-plane shear loading conditions c ¼ 60 (b)
the plate FE mesh.
Fig. 14. Mode III SIFs for thewhich is about a=10. The scaled SIFs predicted using the strain en-
ergy for a control volume of radius Rc ¼ 0:00047019 (6 layers)
when using 20 layers within R0 ¼ 0:6 (ﬁne mesh) are KI ¼ 0:651
and KII ¼ 0:641. The SIFs values for this problem computed using
the ABAQUS package are KI ¼ 0:655 and KII ¼ 0:640. In ABAQUS,
quarter-point elements are used around the crack tip, and the plate
mesh is the same as in Fig. 6(b). By using the fractal-like ﬁnite ele-
ment method (FFEM), a method extended by the current authors to
compute the notch SIFs, the SIFs values for this problem are
KI ¼ 0:650 and KII ¼ 0:636. In FFEM, the plate is meshed using
six-node triangular elements as shown in Fig. 8.
Now, a plate similar to the last example containing an inclined
centre notch as shown in Fig. 9(a) is analysed. The notch opening
angle is c ¼ 45 and its length is 2a ¼ 2. The plate dimensions
are H ¼ 2W ¼ 10. The plate is meshed using CPS8 elements in
ABAQUS as shown in Fig. 9(b). The SIFs values computed based
on the strain energy values for different enclosed volumes aroundnotched plate c ¼ 60 .
Fig. 15. (a) Off-centre notched plate subject to anti-plane shear loading conditions
(b) the plate FE mesh.
Table 4
Scaled SIFs (KIII=s
ﬃﬃﬃ
p
p
a1kIII ) under anti-plane shear loading conditions.
cðkIIIÞ hc=H
0.2 0.3 0.5
0 SEA 1.117 1.087 1.077
FFE 1.116 1.086 1.077
(0.5) ABAQUS 1.117 1.087 1.077
30 SEA 1.282 1.245 1.234
FFE 1.281 1.245 1.233
(0.545455) ABAQUS – – –
60 SEA 1.478 1.432 1.417
FFE 1.477 1.431 1.417
(0.6) ABAQUS – – –
90 SEA – 1.648 1.628
FFE – 1.647 1.628
(0.666667) ABAQUS – – –
M. Treiﬁ, S.O. Oyadiji / International Journal of Solids and Structures 50 (2013) 2196–2212 2207the notch tip (different Rc ’s) are plotted in Fig. 10. Like the previous
examples, using a ﬁner mesh (and therefore smaller Rc) gives bet-
ter convergence. The scaled SIFs predicted using the strain energy
for a control volume of 4 layers (Rc ¼ 0:000169262) and 20 layers
within R0 ¼ 0:6 are KI ¼ 0:657;KII ¼ 0:910. For this problem, Lazz-
arin et al. (2010)1 reported the following SIFs values
KI ¼ 355;KII ¼ 325 not scaled (KI ¼ 0:641;KII ¼ 0:838 scaled). Lazza-
rin et al. (2010) computed the mode I and II SIFs based on the strain
energy density of two concentric circles. Using their approach, the
authors computed the SIF values based on the strain energy of two
concentric circles of radii Rc ¼ 0:000169262 (3 layers) and
Rc ¼ 0:000282047 (5 layers). The SIFs values obtained are
KI ¼ 0:657;KII ¼ 0:910 which are in good agreement with our com-
puted values using the SEA. The difference between the current re-
sults and those reported by Lazzarin et al. (2010) could be
attributed to using different sizes of control volumes compared to
the ones used in this paper.
Using the FFEM (Treiﬁ et al., 2009a), the SIFs values for this
example are KI ¼ 0:646;KII ¼ 0:912. In the FFEM, the plate is
meshed as shown in Fig. 11 using six-node triangle elements. In
the singular region, twenty layers of elements are used. The SIFs
values predicted using the strain energy approach as described in
Section 2.1.1 and the FFEM are in very good agreement. This proves
that the current results are correct.
The approach based on two concentric circles is not always
applicable, as the current authors did a test using two circles to
compute the mixed mode SIFs for the previous crack example.
The results obtained were totally unrealistic. This is due to the fact
that the two concentric circles approach leads to an indeterminate
system of equations in the case of a crack problem, i.e. a notch with
a zero opening angle. However, the approach presented in this pa-
per does not have this limitation. Therefore, the current procedure
is a more general approach to compute mixed mode SIFs of a gen-
eral notch including the special case of a crack. It should also be
noted that Lazzarin et al. (2010) did not mention that their ap-
proach is applicable to mixed mode crack problems explicitly.
Different examples of notched plates with different notch open-
ing angles and different locations under tension or shear loading
conditions are presented in Tables 2 and 3. The notched plates
and their FE meshes are similar to the ones shown in Fig. 12. The
results are compared to those predicted by ABAQUS for the crack
cases using the same mesh and the FFEM results reported by Treiﬁ
et al. (2008, 2009a) for crack and notch cases. The plate dimensions
are H ¼ 2W ¼ 20, and the notch length is a where a=w ¼ 0:4. Fine
mesh of 20 layers of elements is used within R0 ¼ 0:6, and the
strain energy used to predict the SIF values is computed for a vol-
ume of radius Rc ¼ 0:000101566 (that is for 3 layers). The results
are presented in Tables 2 and 3 and are in good agreement with
the results predicted using the other numerical approaches. The
accuracy of the SEA could be improved by computing the strain en-
ergy for different volumes and then looking at the converged re-
gions as demonstrated in the previous examples.
3.1.2. Mode III
A convergence study of an edge notched plate subject to mode
III loading conditions as shown in Fig. 13 is presented to demon-
strate the effect of Rc on the accuracy of the SEA. The plate is mod-
elled and analysed using different meshes within the region
around the notch-tip. The plate dimensions are: H ¼ 2W ¼ 20;
the plate thickness t ¼ 1, the notch length is a where a=W ¼ 0:4,
and the notch opening angle c ¼ 60 . Three dimensional FE ele-
ments (C3D20) are used to model the plate in ABAQUS in orderFig. 16. The FE mesh used in the FFEM of off-centre notched plate subject to anti-
plane shear loading conditions.
1 It seems there is a typographical error in Lazzarin et al. (2010); in Table 5: k452
value is 0.660 and not 0.624.to compute the strain energy, and anti-plane conditions are ap-
plied.The small region around the notch tip is meshed layer by
layer with a similarity ratio q ¼ 0:6. The radius of the ﬁrst layer
is taken as R0 ¼ 0:6. Initially, six layers are used within R0. The
mode I SIF values are computed based on the energy values for
control volumes of sizes ranging from 1 layer to 6 layers (that is,
the control radius is Rc = 0.046656–0.6). The same is repeated for
9 (Rc = 0.0100777–0.6), 16 (Rc = 0.000282168–0.6) and 20
(Rc = 0.0000365376–0.6) layers. The value of R0 is not changed.
The mode III SIF values are plotted in Fig. 14. For the parameters
considered (NL ¼ 6;9;16;20), this ﬁgure shows clearly that conver-
gence is achieved regardless of the mesh around the notch tip
(within R0) and radius of the control volume (Rc). The converged
SIF value (scaled by s
ﬃﬃﬃ
p
p
a1kIII ) predicted by the SEA is
KIII ¼ 1:418. The mode III SIF for this case reported by Treiﬁ et al.
(2009b) using the FFEM is KIII ¼ 1:417:
Different examples of notched plates with different notch open-
ing angles and different locations under anti-plane loading condi-
tions are analysed. The notched plates and their FE meshes are
similar to the ones shown in Fig. 15. The results are compared in
Table 4 to those predicted by ABAQUS for the crack cases using
the same mesh and the FFEM results for the crack and notch cases
reported by Treiﬁ et al. (2009b) (the values are scaled by
s
ﬃﬃﬃ
p
p
a1kIII ). In the FFEM, the plate is meshed using 6-node triangu-
lar elements similar to the mesh shown in Fig. 16. The plate dimen-
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A coarse mesh of 7 layers of elements is used within R0 ¼ 0:6, and
the strain energy used to predict the SIF values is computed for a
volume of radius Rc ¼ 0:07776 (that is for 3 layers). The SEA results
presented in Table 4 are in good agreement with the results pre-
dicted using ABAQUS for crack cases and the FFEM for crack and
notch cases. The accuracy of the SEA is excellent when dealing with
pure mode cases, so for those cases ﬁner meshes are not necessary.
3.2. Bi-material notch
3.2.1. Mode I, II and mixed mode
To demonstrate the effect of Rc on the accuracy of SIFs values
predicted using the SEA relationships presented in Section 2.2.1Fig. 18. SIFs for the bi-material cracked plate E1=E2 ¼ 1.
Fig. 17. (a) A bi-material cracked plate subject to tension (b) the plate FE mesh.for a bi-material notch, an edge cracked plate consisting of two
parts as shown in Fig. 17(a) is analysed for different material prop-
erty ratios. The convergence study presented in Section 3.1.1 for
single material notch cases demonstrated the need for a ﬁne mesh
around the notch-tip to obtain high accuracy results for mixed-
mode I and II cases. Therefore, 20 layers will be used within the
small region (R0 ¼ 0:6) containing the crack tip. The plate is
meshed using CPS8 elements in ABAQUS as shown in Fig. 17(b).
The cracked plate dimensions are H ¼ 3W ¼ 30, and the crack
length a is given as a=W ¼ 0:4. The Poisson’s ratios of both materi-
als are taken as m1 ¼ m2 ¼ 0:3. The Young Modulus ratios consid-
ered are E1=E2 ¼ 1;2;4;10;100. The real and imaginary parts of
the complex SIF, representing Mode I and II SIFs, are computedFig. 19. SIFs for the bi-material cracked plate E1=E2 ¼ 2.
Fig. 20. SIFs for the bi-material cracked plate E1=E2 ¼ 4.
Fig. 21. SIFs for the bi-material cracked plate E1=E2 ¼ 10.
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(that is, for 1 layer to 20 layers). The SIF values are plotted in
Figs. 18–22. Because Eq. (62) gives two sets of valid roots, both sets
are plotted. Corresponding SIFs values predicted by Matsumto
et al. (2000) are also plotted for comparison. Those ﬁgures show
that convergence is achieved for only one set of the roots for
E1=E2 ¼ 1;2;4 (small differences in material properties). However,
for large differences in material properties as is the case in
E1=E2 ¼ 10;100, both sets of roots converge within different re-
gions. When one of the sets converges, the other diverges. In addi-
tion, for small material property differences E1=E2 ¼ 1;2,
convergence is achieved using small Rc , but for large material prop-
erty differences E1=E2 ¼ 10;100 convergence is achieved using
large Rc . In the cases studied here, good accuracy is achieved using
Rc ¼ 0:000282109 (that is, the control volume containing 5 layers)
for the cases of small material property differences. For the cases of
large material property differences, better convergence is achieved
using Rc ¼ 0:0167961 (that is, the control volume containing 13
layers).
Based on the above discussion, the SIFs for an edge-crack bi-
material plate are computed for different crack lengths and differ-
ent material property ratios. The cracked plate and its FE mesh are
similar to those shown in Fig. 17. The plate dimensions are theTable 5
Scaled SIFs for a bi-material cracked plate.
a=W E1=E2
1 2
KI KII KI KII
0.2 SEA 1.367 0.000 1.365 0.138
ABAQUS 1.368 0.000 1.368 0.137
Matsumto – – 1.367 0.137
0.3 SEA 1.660 0.000 1.657 0.160
ABAQUS 1.661 0.000 1.659 0.159
Matsumto – – 1.657 0.156
0.4 SEA 2.112 0.000 2.107 0.199
ABAQUS 2.112 0.000 2.109 0.198
Matsumto – – 2.109 0.195
0.5 SEA 2.827 0.000 2.819 0.268
ABAQUS 2.826 0.000 2.821 0.268
Matsumto – – 2.819 0.268
0.6 SEA 4.037 0.000 4.024 0.396
ABAQUS 4.035 0.000 4.025 0.398
Matsumto – – 4.024 0.398
0.7 SEA 6.363 0.000 6.338 0.665
ABAQUS 6.357 0.000 6.336 0.671
Matsumto – – 6.348 0.668
Fig. 22. SIFs for the bi-material cracked plate E1=E2 ¼ 100.same as of the previous example. 20 layers are used within the
small region (R0 ¼ 0:6) containing the crack tip. The scaled SIF val-
ues ðKc=r
ﬃﬃﬃ
p
p
a1ReðkÞð2aÞiImðkÞÞ computed using the SEA are tabulated
in Table 5. Corresponding published results by Matsumto et al.
(2000) and computed results using ABAQUS are also tabulated
for comparison. In ABAQUS, the same mesh is used to compute
the SIFs. The control volume radius is taken as Rc ¼ 0:000282 (5
layers), Rc ¼ 0:001306 (8 layers), Rc ¼ 0:006047 (11 layers) and
Rc ¼ 0:016796 (13 layers) for E1=E2 ¼ 1, E1=E2 ¼ 2, E1=E2 ¼ 4 and
E1=E2 ¼ 10;100, respectively. The singular eigenvalues for a bi-
material crack of E1=E2 ¼ 1;2;4;10;100 are k ¼ 0:5,
k ¼ 0:5þ i0:037306, k ¼ 0:5þ i0:0678545, k ¼ 0:5þ i0:0937743
and k ¼ 0:5þ i0:113817, respectively. Table 5 shows that the SEA
results are in good agreement with the numerical results com-
puted using ABAQUS and with those reported by Matsumto et al.
(2000).4 10 100
KI KII KI KII KI KII
1.364 0.250 1.365 0.339 1.370 0.418
1.368 0.251 1.369 0.350 1.371 0.430
1.368 0.251 1.366 0.348 1.376 0.429
1.652 0.292 1.646 0.397 1.644 0.488
1.654 0.289 1.649 0.400 1.643 0.487
1.655 0.288 1.648 0.394 1.647 0.470
2.099 0.364 2.088 0.498 2.080 0.609
2.101 0.360 2.090 0.496 2.079 0.600
2.102 0.358 2.090 0.491 2.083 0.569
2.805 0.489 2.787 0.669 2.771 0.812
2.807 0.485 2.788 0.665 2.771 0.801
2.806 0.483 2.789 0.661 2.772 0.793
4.000 0.718 3.967 0.983 3.937 1.180
4.002 0.718 3.971 0.982 3.940 1.177
4.001 0.714 3.968 0.973 3.906 1.171
6.288 1.202 6.220 1.647 6.157 1.956
6.291 1.210 6.230 1.651 6.168 1.974
6.298 1.204 6.227 1.634 6.157 1.957
Fig. 23. (a) A bi-material notched plate subject to tension (b) the plate FE mesh.
Table 7
Scaled SIFs (KIII=s
ﬃﬃﬃ
p
p
a1kIII ) under anti-plane shear loading conditions ðG1=G2 ¼ 10Þ.
c hc=H
0.2 0.3 0.5
0 SEA 1.148 1.096 1.077
FFE 1.148 1.096 1.077
ABAQUS 1.148 1.096 1.077
30 SEA 1.320 1.256 1.234
FFE 1.320 1.256 1.233
ABAQUS – – –
60 SEA 1.527 1.446 1.417
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gleofc ¼ 60 as showninFig.23(a) is analysed.Theplatedimensions
are H ¼ 2W ¼ 20, and the crack length a is taken as a=W ¼ 0:4. The
Poisson’s ratios of both material are taken as m1 ¼ m2 ¼ 0:3. The SIFs
are computed for different material property ratios
E1=E2 ¼ 1;2;4;10;100. The plate is meshed using CPS8 elements in
ABAQUS as shown in Fig. 23(b) to compute the strain energy. 20 lay-
ers are used within the small region (R0 ¼ 0:6) containing the crack
tip. The resultsare tabulated inTable6. Thecontrolvolumeradius for
which the strain energy is computed is taken as Rc ¼ 0:000282 (5
layers), Rc ¼ 0:001306 (8 layers), Rc ¼ 0:006047 (11 layers) and
Rc ¼ 0:016796 (13 layers) for E1=E2 ¼ 1, E1=E2 ¼ 2, E1=E2 ¼ 4 and
E1=E2 ¼ 10;100, respectively. Table 6 shows that the singular eigen-
values ðReðkÞ < 1Þ for each case are either two real eigenvalues or
one complex eigenvalue. The cases of two singular real eigenvalues
give two real SIFs KI and KII for mode I and II, respectively. The cases
of one singular complex eigenvalue give complex SIFs Kc ¼ K1 þ iK2.
The results in Table 6 are new and there are no available published
results to compare with. However, the previous validation for crack
cases, which are special cases of notch problemswith opening angle
ofc ¼ 0 , shows that the SEAgivesaccurate results. Therefore, the re-
sults in Table 6 are valid. It should be noted that the ABAQUS soft-
ware only computes SIF values when the notch opening angle is
zero, i.e. a crack, but for true notches it cannot compute the notch
SIFs.FFE 1.526 1.445 1.417
ABAQUS – – –
90 SEA – 1.666 1.628
FFE – 1.666 1.628
ABAQUS – – –3.2.2. Mode III
The mode III SIFs for different cases of a bi-material notched
plate subject to out-of-plane shear loading conditions as shown
in Fig. 24 are computed using the SEA. The plate dimensions are:Fig. 24. A bi-material notched plate subject to anti-plane shear loading conditions.
Table 6
Scaled SIFs for a bi-material notched plate (c ¼ 60 ).
E1=E2 kI kII KI or K1 KII or K2
1 0.51222136 0.73090074 2.226 0.000
2 0.52425299 0.71632272 2.430 0.666
4 0.56267468 0.67219769 3.633 1.980
10 0.61388523 + i0.07040375 2.881 2.549
100 0.61052742 + i0.11267322 2.365 1.940H ¼ 2W ¼ 20; the plate thickness t ¼ 1, the notch length is awhere
a=W ¼ 0:4. Three dimensional FE elements (C3D20) are used to
model the plate in ABAQUS in a similar way to that in Fig. 15(b)
in order to compute the strain energy, and anti-plane conditions
are applied. The results are compared to those predicted by ABA-
QUS for the crack cases and the FFEM (Treiﬁ and Oyadiji, 2013)
for the crack and notch cases. In the ABAQUS analysis for the crack
cases, the same mesh as for the SEA is used. For the notch cases
where ABAQUS cannot predict the notch SIFs, the results are com-
pared to those predicted by the FFEM. In the FFEM, the plate is
meshed using 6-node triangular elements similar to the mesh
shown in Fig. 16. Based on the convergence study presented forTable 8
Scaled SIFs (KIII=s
ﬃﬃﬃ
p
p
a1kIII ) under anti-plane shear loading conditions ðG1=G2 ¼ 4Þ.
c hc=H
0.2 0.3 0.5
0 SEA 1.140 1.094 1.077
FFE 1.140 1.093 1.077
ABAQUS 1.140 1.093 1.077
30 SEA 1.310 1.253 1.234
FFE 1.310 1.253 1.233
ABAQUS – – –
60 SEA 1.514 1.442 1.417
FFE 1.513 1.442 1.417
ABAQUS – – –
90 SEA – 1.661 1.628
FFE – 1.661 1.628
ABAQUS – – –
Table 9
Scaled SIFs (KIII=s
ﬃﬃﬃ
p
p
a1kIII ) under anti-plane shear loading conditions ðG1=G2 ¼ 1=4Þ.
c hc=H
0.2 0.3 0.5
0 SEA 1.092 1.080 1.077
FFE 1.092 1.080 1.077
ABAQUS 1.092 1.080 1.077
30 SEA 1.252 1.237 1.234
FFE 1.251 1.237 1.233
ABAQUS – – –
60 SEA 1.440 1.422 1.417
FFE 1.440 1.421 1.417
ABAQUS – – –
90 SEA – 1.634 1.628
FFE – 1.633 1.628
ABAQUS – – –
Table 10
Scaled SIFs (KIII=s
ﬃﬃﬃ
p
p
a1kIII ) under anti-plane shear loading conditions ðG1=G2 ¼ 1=10Þ
c hc=H
0.2 0.3 0.5
0 SEA 1.083 1.078 1.077
FFE 1.083 1.077 1.077
ABAQUS 1.083 1.078 1.077
30 SEA 1.241 1.234 1.234
FFE 1.240 1.234 1.233
ABAQUS – – –
60 SEA 1.426 1.418 1.417
FFE 1.426 1.417 1.417
ABAQUS – – –
90 SEA – 1.629 1.628
FFE – 1.628 1.628
ABAQUS – – –
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used within R0 ¼ 0:6, and the strain energy used to predict the SIF
values is computed for a volume of radius Rc ¼ 0:07776 (3 layers).
The SEA results compared to corresponding results predicted using
ABAQUS and the FFEM are presented in Tables 7–10. The results of
the three different approaches are in excellent agreement.4. Conclusions
In this paper, a simple approach based on the strain energy of a
control volume was developed to compute the mode I, II and III
SIFs for isotropic homogeneous and bi-material crack/notch prob-
lems. The approach is simple to employ numerically. It relates
the SIFs to the strain energy that may be computed using commer-
cial FE packages; thus, enabling those packages to compute notch
SIFs. The accuracy of the SEA was demonstrated via many different
numerical examples of homogeneous and bi-material cracked and
notched plates. For pure mode conditions, a coarse mesh (and
therefore a larger size of the control volume) may be used to model
the region around the notch tip, but it is recommended using ﬁner
meshes (and therefore a smaller size of the control volume) when
dealing with mixed mode cases. The results generated using the
SEA are in very good agreement with existing published results
and numerical solutions.References
Babuška, I., Miller, A., 1984. The post-processing approach in the ﬁnite element
method-part 2: Calculation of the stress intensity factors. International Journal
for Numerical Methods in Engineering 20, 1111–1129.
Berto, F., Lazzarin, P., 2007. Relationships between J-integral and the strain energy
evaluated in a ﬁnite volume surrounding the tip of sharp and blunt V-notches.
International Journal of Solids and Structures 44, 4621–4645.
Bogy, D.B., 1968. Edge-bonded dissimilar orthogonal elastic wedges under normal
and shear loading. ASME Journal of Applied Mechanics 35, 460–466.
Bogy, D.B., 1970. On the problem of edge-bonded elastic quarter-planes loaded at
the boundary. International Journal of Solids and Structures 6, 1287–1313.
Bogy, D.B., Wang, K.C., 1971. Stress singularities at interface corners in bonded
dissimilar isotropic elastic materials. International Journal of Solids and
Structures 7, 993–1005.
Bower, A.F., 2010. Applied Mechanics of Solids. CRC Press.
Carpenter, W.C., Byers, C., 1987. A path independent integral for computing stress
intensities for V-notched cracks in a bi-material. International Journal of
Fracture 35, 245–268.
Carpinteri, A., Cornetti, P., Pugno, N., Sapora, A., Taylor, D., 2008. A ﬁnite fracture
mechanics approach to structures with sharp V-notches. Engineering Fracture
Mechanics 75, 1736–1752.
Carpinteri, A., Paggi, M., Pugno, N., 2006. Numerical evaluation of generalized
stress-intensity factors in multi-layered composites. International Journal of
Solids and Structures 43, 627–641.
Chen, M.C., Sze, K.Y., 2001. A novel hybrid ﬁnite element analysis of bimaterial
wedge problems. Engineering Fracture Mechanics 68, 1463–1476.Gómez, F.J., Elices, M., 2003. A fracture criterion for sharp V-notched samples.
International Journal of Fracture 123, 163–175.
Gross, B., Mendelson, A., 1972. Plane elastostatic analysis of V-notched plates.
International Journal of Fracture 8, 267–276.
Knésl, Z., 1991. A criterion of V-notch stability. International Journal of Fracture 48,
R79–R83.
Lazzarin, P., Berto, F., Zappalorto, M., 2010. Rapid calculations of notch stress
intensity factors based on averaged strain energy density from coarse meshes:
Theoretical bases and applications. International Journal of Fatigue 32, 1559–
1567.
Lazzarin, P., Berto, F., 2005. Some expressions for the strain energy in a ﬁnite
volume surrounding the root of blunt V-notches. International Journal of
Fracture 135, 161–185.
Lazzarin, P., Filippi, S., 2006. A generalized stress intensity factor to be applied to
rounded V-shaped notches. International Journal of Solids and Structures 43,
2461–2478.
Lazzarin, P., Zambardi, R., 2001. A ﬁnite-volume-energy based approach to predict
the static and fatigue behavior of components with sharp V-shaped notches.
International Journal of Fracture 112, 275–298.
Lazzarin, P., Zappalorto, M., 2008. Plastic notch stress intensity factors for pointed
V-notches under antiplane shear loading. International Journal of Fracture 152,
1–25.
Lee, K.Y., Choi, H.J., 1988. Boundary element analysis of stress intensity factors
for bimaterial interface cracks. Engineering Fracture Mechanics 29, 461–
472.
Leung, A.Y.T., Su, R.K.L., 1994. Mode I crack problems by fractal two level ﬁnite
element method. Engineering Fracture Mechanics 48, 847–856.
Lin, K.Y., Mar, J.W., 1976. Finite element analysis of stress intensity factors for cracks
at a bi-material interface. International Journal of Fracture 12, 521–531.
Lin, K.Y., Tong, P., 1980. Singular ﬁnite elements for the fracture analysis of V-
notched plates. International Journal for Numerical Methods in Engineering 15,
1343–1354.
Matsumto, T., Tanaka, M., Obara, R., 2000. Computation of stress intensity factors of
interface cracks based on interaction energy release rates and BEM sensitivity
analysis. Engineering Fracture Mechanics 65, 683–702.
Paggi, M., Carpinteri, A., 2008. On the stress singularities at multimaterial interfaces
and related analogies with ﬂuid dynamics and diffusion. ASME Applied
Mechanics Reviews 61, 1–22.
Portela, A., Aliabadi, M.H., Rooke, D.P., 1991. Efﬁcient boundary element analysis of
sharp notched plates. International Journal for Numerical Methods in
Engineering 32, 445–470.
Qian, J., Hasebe, N., 1997. Property of eigenvalues and eigenfunctions for an
interface V-notch in antiplane elasticity. Engineering Fracture Mechanics 56,
729–734.
Radaj, D., Berto, F., Lazzarin, P., 2009. Local fatigue strength parameters for welded
joints based on strain energy density with inclusion of small-size notches.
Engineering Fracture Mechanics 76, 1109–1130.
Seweryn, A., 1994. Brittle fracture criterion for structures with sharp notches.
Engineering Fracture Mechanics 47, 673–681.
Seweryn, A., Molski, K., 1996. Elastic stress singularities and corresponding
generalized stress intensity factors for angular corners under various
boundary conditions. Engineering Fracture Mechanics 55, 529–556.
Sih, G.C., 1974. Strain-energy-density factor applied to mixed mode crack problems.
International Journal of Fracture 10, 305–321.
Tan, M.A., Meguid, S.A., 1997. Analysis of bimaterial wedges using a new singular
ﬁnite element. International Journal of Fracture 88, 373–391.
Tong, P., Pian, T.H.H., Lasry, S.J., 1973. A hybrid-element approach to crack problems
in plane elasticity. International Journal for Numerical Methods in Engineering
7, 297–308.
Treiﬁ, M., Oyadiji, S.O., 2009. Computations of SIFs for non-symmetric V-notched
plates by the FFEM. In: Proceedings of ASME Conference IDETC/CIE2009, vol. 3.
ASME, pp. 711–717. http://dx.doi.org/10.1115/DETC2009-86585.
Treiﬁ, M., Oyadiji, S.O., 2013. Evaluation of mode III stress intensity factors for bi-
material notched bodies using the fractal-like ﬁnite element method.
Computers and Structures, http://dx.doi.org/10.1016/j.compstruc.2013.02.015.
Treiﬁ, M., Oyadiji, S.O., Tsang, D.K.L., 2008. Computations of modes I and II stress
intensity factors of sharp notched plates under in-plane shear and bending
loading by the fractal-like ﬁnite element method. International Journal of Solids
and Structures 45, 6468–6484.
Treiﬁ, M., Oyadiji, S.O., Tsang, D.K.L., 2009a. Computation of the stress
intensity factors of sharp notched plates by the fractal-like ﬁnite element
method. International Journal for Numerical Methods in Engineering 77,
558–580.
Treiﬁ, M., Oyadiji, S.O., Tsang, D.K.L., 2009b. Computations of the stress intensity
factors of double-edge and centre V-notched plates under tension and anti-
plane shear by the fractal-like ﬁnite element method. Engineering Fracture
Mechanics 76, 2091–2108.
Treiﬁ, M., Tsang, D.K.L., Oyadiji, S.O., 2007. Applications of the fractal-like ﬁnite
element method to sharp notched plates. In: Proceedings of ASME Conference
IDETC/CIE2007, vol. 4, pp. 399–405.
Williams, M.L., 1952. Stress singularities resulting from various boundary
conditions in angular corners of plates in extension. ASME Journal of Applied
Mechanics 19, 526–528.
Williams, M.L., 1957. On the stress distribution at the base of a stationary crack.
ASME Journal of Applied Mechanics 24, 109–114.
2212 M. Treiﬁ, S.O. Oyadiji / International Journal of Solids and Structures 50 (2013) 2196–2212Williams, M.L., 1959. The stresses around a fault or crack in dissimilar media.
Bulletin of the Seismological Society of America 49, 199–204.
Wolf, J.P., 2003. The Scaled Boundary Finite Element Method. Wiley, Chichester.
Yau, J.F., Wang, S.S., 1984. An analysis of interface cracks between dissimilar
isotropic materials using conservation integrals in elasticity. Engineering
Fracture Mechanics 20, 423–432.Zappalorto, M., Lazzarin, P., 2011. Strain energy-based evaluations of plastic notch
stress intensity factors at pointed V-notches under tension. Engineering
Fracture Mechanics 78, 2691–2706.
Zappalorto, M., Lazzarin, P., Yates, J.R., 2008. Elastic stress distributions for
hyperbolic and parabolic notches in round shafts under torsion and uniform
antiplane shear loadings. International Journal of Solids and Structures 45,
4879–4901.
